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The motion of a thin oil sheet under the steady
boundary layer on a body

By L. C. SQUIRE
Royal Aircraft Establishment, Bedford

(Received 10 March 1961)

A solution is obtained for the motion of a thin oil sheet, of non-uniform thickness,
under a boundary layer. The following points are deduced: (z) The oil flows in the
direction of the boundary-layer skin-friction, except near separation, where the
oil tends to indicate separation too early. These conclusions are independent of
oil viscosity. (b) The effect of the oil flow on the boundary-layer motion is very
small.

The application of the results to the interpretation of oil-flow patterns is
briefly considered.

1. Introduction

The oil-flow technique is nowadays widely used for visualization of the surface
flow on wind-tunnel models. In this technique the model is coated with a thin
layer of oil and the oil pattern is observed during, and at the end of, a tunnel run
The types of oil used vary widely. Heavy gear oil is used in continuous transonic
and supersonic tunnels, and times of up to a quarter of an hour are needed to
develop the full flow pattern (Stanbrook 1957). On the other hand, very light
oils are used in intermittent tunnels where the total running time is 10-20sec
(Winter, Scott-Wilson & Davies 1954). Paraffin is often used in low-speed wind
tunnels (Black 1952), and heavy oils are used in low-speed water tunnels (Prandtl
1952).

It is of interest to know to what extent the presence of the oil affects the flow,
and also what the oil-flow pattern represents. As a basic step in the understand-
ing of the oil-flow technique, the theoretical motion of a thin oil sheet, of non-
uniform thickness, on a surface under a-boundary layer is studied here.

The main parameter in the problem is the ratio of the viscosity of the fluid
in the boundary layer to the viscosity of the oil. The solutions obtained are valid
for all values of this ratio likely to be found in practice. Numerical results have
been produced for infinite wings with velocity distributions, outside the boundary
layer, of the form U = ax or U = f,— ff,«. The parameters a, §, and f, have been
related to typical pressure distributions and are calculated in Appendix 1.

The numerical methods apply to incompressible laminar boundary layers,
but the extension of the results to compressible and turbulent layers is discussed
in §6.
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2. Equations governing the motion of a thin oil sheet

2.1. Equations for the oil-flow direction
The thickness A of the oil sheet is a funetion of surface position and time. It is
generally not greater than about 0-05in., and in the following analysis will be

assumed to be of the same order as the boundary-layer thickness. Then the motion
of the oil is governed by the equations of slow viscous motion:

a—;’?: s V23U, —1;%, (1)
%%2 g V20, — —1—2 % , (2)

together with the eontinuity equation
gg + Z—; + %%’ =0. (4)

The co-ordinate system, and velocity components are defined in figure 1. The
suffix 2 refers to motion in the oil and suffixes 0 and 1 refer to free-stream and
boundary-layer flow, respectively. The boundary conditions are (i) that the oil
velocities are equal to those in the boundary layer at the surface of the oil,
(ii) that the viscous stresses in the oil and the air are also equal at the oil/air
surface, and (iii) that at the body surface the oil is stationary. These conditions
may be written

Up=Uy, V3 =70y Wy=w, at z=0Ah, 5

Uy =V =Wy =0 at z=0; } ®)
:“1%:1“2%%2‘5 ﬂ1%%=ﬂ2%% at z=h. (6)

(For the derivation of (6), see Appendix 2.)

Equations (1) to (3) will now be simplified by order-of-magnitude considera-
tions, taking account of two small quantities, the boundary-layer thickness &
and the ratio of the viscosities of air and oil u,/u, (= A, say). (For the range of
oils used in wind tunnels, A lies in the range 10—2 to 10—4.)

According to standard boundary-layer theory, du,/0z and ov,/0z are O(1/4).
Thus, by equation (6), 0u,/0z and 0v,/0z are O(A/d). At z = 0, u, and v, are zero.
Thus, within the oil, #, and v, are O(A); their derivatives with respect to x and y
are also of the same order of magnitude.

From the continuity equation, it then follows that dw/oz is O(A) and, since
wy = 0, at z = 0, that w, is O(Ad). Differentiation of the continuity equation with
respect to z then shows that 0%w,/922 is O(A/4).

The order of the terms du,/ot, 0v,/dt will now be considered. It has already been
shown that u, and v, are O(A), and so their influence on the boundary layer will be
small. In this case, equations (1) to (6) represent the motion of an oil sheet under



Motion of a thin oil sheet 163

a steady boundary layer, in which the only variation with time enters through the
boundary conditions (5) and (6), since A is a function of time. Therefore the deri-
vatives under consideration may be written

duy _ duydh By _ Ovydh
ot ©ohdt’ ot Oohdt’

At the edge of the layer, w, = dh/dt; thus dh/dt is O(6A) while 0u,/oh and ov,/oh
have the same order of magnitude as du,/0z and 0v,/0z, namely O(A/8). Thus the
time derivatives of u, and v, are O(A?). Similarly, the derivative 0w,/0f is O(A%5).

Fraure 1. The co-ordinate system.

When the order of magnitude of the terms in equation (3) are considered, it is
found that the pressure change through the oil layer is O(Ad). Thus the pressure
may be regarded as constant through the oil layer; and since by standard boun-
dary-layer theory py(z,y) = p,(%,y), then

Do(Z,Y) = P1(2,Y) = po(, y). (7

If equations (1) and (2) are now divided by v,, the pressure terms may be
written (with p, = p,)
Loy _ A0py A 10py (8)
fa 0 py X vy py Ox
1op, Adp, A 1dp,
He OY Wy OY  ViPg OY

By boundary-layer theory, ¢ is O(V%), while by Bernoulli’s equation py 1 op,/ox
and p~19p,/0y are O(1). Thus the pressure terms in equations (8) and (9) are
11-2



164 L. C. Squire

0O(A/62). Equations (1) and (2) may now be simplified by retaining terms of the
highest order only, whereupon they become

*u, 1 0p,

Ve _p_z_a—z—’ (10)
0%v, _ 19p,

Vza—zzf —pz ay (].1)

In equations (10) and (11) the pressure terms are known from the external flow,
so that the equations are ordinary second-order equations for u, and v,. These
equations must be solved, in conjunction with the boundary-layer equations

o, U, ou,  10p 0%y

U TGy T, T e T R 12
U avl+ avl_,l_w %‘—_l?ﬁ_’.y %
1 oz 18 192 poy 'R’
ou, ov, aw1_0 (13)

7&;-‘_ oy 0z

to satisfy the boundary conditions (5) and (6). [Equations (12) and (13) strictly
apply only to a flat surface, but they may be used for slightly curved surfaces.
On more highly curved surfaces the full equations must be used (see, for example,
Squire 1956).]

A simpleiterative approach, to be used here, is to find solutions of equations (10)
and (11) satisfying the conditions u, = v, = Oatz = 0, and p,(0u,/02) = u, (u,/02),
141(00,/02) = po(0v,/02) at z = k. The third condition is then satisfied by finding
a solution of the boundary-layer equations such that at z = &, 4, = (%),
vy = (¥y),—p, Where (u,), 5, and (v,),_; are found from the solution of the oil-flow
equations. (The boundary condition w, = w, should also be applied but as w, is
O(A, 8) this condition is replaced by w, = 0 at z = £.) This process is iterative
since (0u,/0z),_; and (0v,/0z),_, depend on (u,),_, and (v,),_,. However, since
these velocities are O(A), the changes in (0u, /02),_; and (0v,/02),_; are also small and
so the process should converge quickly.

By direct integration of equations (10) and (11), solutions which satisfy the
two boundary conditions are found to be

uzz/\l(lap) (——hz +(% z},
102 0z [ o=
10 2 ’ 4
=) () + (2,71
10y 02 / s
At the oil surface, z = k, these solutions give
P .
a2 )}
oy O 02 ] ot (15)
_ R2 (1 0p oY,
(P2)ecn = Al (Ml ay) +h(55)z:;.}’

which are the velocities needed in the solution of the boundary-layer equations.
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The investigation of the boundary layer with the boundary conditions u, = u,,
v, = v, i8 carried out in §§ 3 and 4, where it is shown that the change in the boun-
dary-layer skin friction is small.

It should be noted that the oil film, in addition to giving the boundary layer
a non-zero velocity at the oil surface, also effectively changes the body shape,
and hence the external flow. The latter effect, however, is small for thin oil
films and is ignored. Then the boundary-layer equations can be solved for the
original pressure distribution with the non-zero velocity condition transferred to
the body surface, that is u; = (u,);, ¥; = (v,), at z = 0.

It is advisable at this point to consider the range of validity of the order-of-
magnitude analysis made in this section. Goldstein (1948) has shown that the
approximations of boundary-layer theory break down in the immediate neigh-
bourhood of separation; consequently, the equations for this oil flow, which are
based on this theory, will also be invalid in this condition. As the main interest
is to determine the position of separation, it is important to know how close to
separation the simplified equations hold. A numerical study of the boundary-
layer solution for a linearly retarded main-stream has shown that the equations
are valid for 99-5 9, of the distance to separation. It is reasonable to assume that
the simplified oil-flow equations are also valid in the same region.

2.2. Equation governing the thickness of the oil sheet

So far the oil thickness  has been regarded as an arbitrary function of surface
position and time. The equation satisfied by this function will now be determined.
Consider the area A BOD in figure 1; then in time 8¢ the increase in height multi-
plied by the area dx 8y is equal to the amount of oil which has moved on to the
base ABCD less the amount which has moved off this area. In the infinitesimal
limit, the equation for 2 becomes

oh o " o [r
ﬁ=_%f0u2dz_é?_/fo vy dz. (186)

On the substitution for «, and v, from equation (14), this becomes
1oh 0 {(aul) h: 10p h3}
z=h

Aot oxl\oz),_, 2 ppox3
3 ((ov,\ h® 1oph?
‘@{(E)zzﬁ“mﬁ}‘ (1"

Equation (17) is a non-linear partial differential equation where the coefficients
(Ou,/02),_; and op/ox, Op/dy are, in general, known only in numerical form. Thus
solutions will usually have to be found by numerical methods. However, one
simple solution has been found corresponding to flow near a stagnation point
in two-dimensional flow. This solution is described in §3; the result of a direct
numerical integration of equation (17) will be described in §4.2.

3. Oil motion near a stagnation point in two-dimensional flow

Near a two-dimensional stagnation point, the velocity distribution in the
streamwise direction outside the boundary layer is of the simple form « = ax;
the oil flow in this case is of special interest because both the modified boundary-
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layer equations and equation (17) can be solved. Making, as in standard boun-
dary-layer theory, the transformation u, = axf’(y), where 3 = (a/v;)}z and the
accent denotes differentiation with respect to , we find that the two-dimensional
boundary-layer equations (i.e. (12) and (13) with »; = 0) reduce to

T ) +f ) fn) = {F' -1 (18)
(cf. Goldstein 1938, p. 139). :
At the wall, z = 0, we have f'(0) = (u,),/azx, instead, of the more usual value
f'(0) = 0. The other boundary conditions remain the same, i.e.f(0) = 0, f'(c0) - 1.
The value of (u,), can be found from equation {15) to be

(ug)y, = /\{Z—:%z+ (%?)% kf"(O)} x, (19)
so that £(0) = A!%%—Z + (Vﬁl)'}kf"m)} — vy, say. (20)

In practice equations (18) and (20) must be solved by iteration, but before this is
possible it is necessary to find A, which (by substitution of equation (19) in equa-
tion (17)) is given as the solution of the equation

oh o ((ad\},, B® a?h?
R (S AL S

V_1 2 »y3
a3\ ¥ h2 q2h3
=—A|>} f'(0)5 +—-—=} = —Ah*— Bh? 21
A{(Vl) ) 2 +V1 3} > =D

provided % is independent of x, which is true if 4 is constant at time { = 0.
Equations (18), (20) and (21) now depend on the three parameters y, 4 and
B, where y and 4 are functions of f”(0). Equations (18) and (21) can, however, be
solved for arbitrary values of these parameters, and the solutions can be com-
bined iteratively with equation (20) to find the solution of any particular problem.
First consider equation (18). As (%), is O(A), this equation can be linearized
by putting f'(5) = fo(7) +7Y9'(n), where fo(7) is the standard two-dimensional
solution and where g’(0) = 1, g(0) = 0, g'(20) - 0. Then g'(y) satisfies the equation

g" ) +fon) 9" () +fo () g(n) — 2fo(n) 9’ () = O. (22)

This equation has been solved by standard numerical techniques to give the
solution tabulated in table 1.
The solution of equation (21) is readily obtained as

1 1 B, h(A+Bh, o
At—rz*zl‘)gz{m}’ (23)

_ 1 140 .
or Ah,t = (K—1)+ClogE:1+0K}, (24)

where C' = h,(B/A4), K = h/h,and h,is the oil height at ¢ = 0. K is plotted against
Ah,t in figure 2 for various values of C.

These solutionsfor f(7) and z,can now be combined to find the oil and boundary-
layer flow in the following particular case. The initial oil thickness is assumed to
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be 0-018in. with A = 1 x 10—, and the kinematic viscosity of air to be 2 x 10-4ft./
sec. The external velocity is assumed to be of the form U = 10%zft.[sec (i.e.
@ = 10%*sec—1). This corresponds, for example, to an aerofoil in an airstream of
120 ft./sec with the flow outside the boundary layer attaining the main-stream
velocity at 0-144in. behind the stagnation point.

i g'(n) i g'(m
0 1-000 2:0 0-053
0-2 0-840 2-2 0-034
0-4 0-686 2-4 0-021
0-6 0-547 2:6 0-012
08 0-425 28 0-007
1-0 0-322 30 0-004
1-2 0-238 3-2 0-002
1-4 0-171 34 0-001
1-6 0:-119 36 0-000
1-8 0-081
g”(0) = —0-810.
TABLE 1

1-0 W

0‘8 \\
- 06
g il
=) =1
- / C=01
" 04 AN c-0
) \
02 X
—
— ——
0 1 2 3 4 5 6
Aht

Ficure 2. Variation of the thickness of the oil sheet at a stagnation point.

Consider the oil flow at the start of the motion. In the first stage of theiteration,
use is made of the standard two-dimensional solution for f;(0), from which
f7(0) = f3(0) = 1-232 and so v = 4'3 x 10~3 (equation (20)). With this value the
second approximation for f”(0) becomes 1-228, and there is no change in y.
Thus, in this case, with a rather thick oil layer, the skin friction (which is pro-
portional to f”(0)} is reduced by less than 4 9%,.

Now consider the motion after 10sec. Using f”(0) = 1-230 and the above values
of b, and a, it follows that C' = 5-8 and 4A,¢ = 65, so that from equation (24) X is
approximately 0-015 and the oil thickness has been reduced to less than one-
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sixtieth of its original value. This example, although of little practical interest,
is of value from two points of view. In the first place the numerical results can
be used to check the magnitude of the terms ignored in equations (1), (2) and (3).
Also, the change in oil thickness is quite rapid in this case, so that it is possible
that the unsteady boundary-layer equations should have been used. However,
in the 10sec considered, v changes from 4-3x10-3 to almost zero. Thus,
dy|dt = 43 x 10~4sec and, since u; = ax{f'(n) +vg' (1)}, du,/dt = ax x 4-3 x 1074,
In equation (12) the dominant terms near 2z = 0 are p;"19p/0x and v, 9%u, /022, and
pTi0p/ox = —a?x. Thus the ratio of the unsteady term ou, /0t compared with the
dominant terms is a—1 x 10— or O(10~%), which confirms that use of the steady
equation is justified.

4. General solutions of the equations of §2

4.1. Effect of the oil on a two-dimensional boundary layer with an arbitrary
pressure gradient

In this section the effect of the o0il on two-dimensional boundary layers is con-
sidered. The extension to three-dimensional boundary layers would involve
considerable numerical work, which has not been carried out since the analysis
of the present section suggests that the effect of the oil is extremely small for
cases which are likely to arise in practice. The method is based on the momentum
equation; it is first shown that this equation is unaltered by the changed inner
boundary condition,t and then that the velocity can be represented by a modi-
fied Pohlhausen profile.

By integration of the two-dimensional form of the boundary-layer equations
(12) and (13) with respect to z, the following equation is obtained

¢ Puy & du, 5 Dug Oy
i “dy = - 2
foul % dz+f0w1 e dz f Uy dz— [az]o’ (25)
where p;10p/ox has been replaced by u,(0u,/0x). Using the continuity equation,
we reduce the second term of the left-hand side by writing

5 Pu, s “5 dw,
fo wl—a;dz = [wl’ul]o—‘ . ulgdz
> ou
— 3 et * 9
= [w1u1]0+f0 Uy 5 dz. (26)

The lower limit of the term in square brackets is 0, since at z = 0 we have w, = 0
(this is true although u, % 0); at z = § we have

" aw ou
wy = f —tdz.
Thus equation (25) becomes
5 Pu ou & Ou ou
2[ Uy dz—uy | —dz— f wg=2dz = —vy || - 27
Jo e °foax Jo " oz L, &)
1 For convenience the inner boundary condition will be applied at 2’ = 0 rather than

2z = h, and the dash dropped in the remainder of the paper.
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This equation is exactly the same as the standard two-dimensional equation,
and will be written . o
@Z = ‘9_%(2 H)__z_lil_l (28)

Uy 0F N

P
where 0= j ( ul) uld 8, = f (1 wﬂl) dz,
0 Up

0 (ou,
H =40, l=-— (6z)

Equation (28) may be solved in the usual manner by regarding u, /u, as a poly-
nominal function of z/d, satisfying certain boundary conditions. These conditions
will now be considered. At the edge of the boundary layer, u, tends smoothly
to u,. Thus, as in the standard method,

U O (m) _ 52(_ _
uo_l, az(uo)_o, o =0 at z=34.

At z = 0, we have u;, = (u,), (i.e. the oil velocity). Thus, u,/u, = (%5),/uy =y
where y may be a function of . Atz = 0, we also have w; = 0; thus, in equation

(12), 2, duy),  Pu
vy = (Uy) 2k =2
022 ), 2r O 0 3z

0%, %o 0%(ty /%)
e T 5 o(z[6)2 °

But

and therefore

8(z)0)z

[5 (ulluo] Ozi_:{ 5(;;%_%}: A, say. (29)

A Pohlhausen profile modified to satisfy these boundary conditions is

R RO NN

Then, by integration of this function, it is found that

0 = 315{(1*7) 37+115Y) IA(L+53y) — 1A%, (31)
ou, A
S

These values could be substituted into equation (28) to give an equation for A.
Instead, a slightly different approach is used which leads to less numerical work.
In this approach, H and [ are regarded as functions of the parameters

(2f1y) (0%u4[02%),  [=(6%/0%) A = a,say]

and . These functions, obtained from equations (31) and (32), are plotted in
figures 3 and 4.
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The method has been used to study the boundary layer developed by an
external velocity of the form u,= f,—f,2. The following cases have been
assumed: y = 0, + 0-05, and y varying linearly from + 0-05 at the leading edge
to —0-05 at the trailing edge.t The resulting skin-friction curves are plotted in
figure 5. From comparison with the curve in the absence of oil (y = 0), it will be

20
36 ’/
Q.Q‘>
17 e
32 >
H / Y;D /
28 L] 7200 —
/
T 010
//P/// =01
24— E— ——
] k/
<r ey

-006 -004 -002 O 002 004 006 008 010 012 014 016 018
a

Ficure 3. The function H(x, ).

0:35
030 >
r=0
y=09 ?/
0-20 y=010
! 750
ol5 =
y=-005
0-10
005 <

0 -006 -004 -002 O 002 004 006 008 010 012 014 016 018
a

Fieure 4. The function I(a, y).

seen that the major effect of the oil is where the skin friction approaches zero,
that is in the vicinity of separation; the distance to separation is changed by at
most 9%, In Appendix 1 values of v likely to be found in practice are investi-
gated, and it is found that maximum values of y are of the order of 0-01. Thus,
in general, the oil will only have a small influence on the boundary layer, changing

t Too many parameters enter a practical case for it to be tractable to use an actual

distribution of y. However, in all cases 7y is positive at the leading edge and negative at
separation.
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the distance to separation by at most 2 9. It should be noted that y increases
as the oil viscosity decreases, and thus the influence of the oil on the boundary
layer increases with a decrease in oil viscosity.

The accuracy of the present analysis for the boundary layer on a moving
surface, as compared with the accuracy of the Pohlhausen method for a stationary

25

sof——N

JEIN

pi A
c’g § y=linear variation ; 0-05 at l.e.,
| 5 ~0-05 at separation
IS 10 l
=L 7V
~E
¥ =0 (no oil)
. IS 2 o
05 005

0 0-02 0-04 006 0-08 0-10 012 0-14 016 018 020

B/

Ficure 5. Variation of the skin-friction on a surface for different values of
the parameter y.

surface has been investigated briefly. For the case of zero-pressure gradient the
skin friction as given by equations (28) and (30) has been compared with an exact
solution of the problem (Squire 1956). The skin-friction values given by the two
methods are in close agreement for all values of y between 0 and 1. With an ad-
verse pressure gradient, the accuracy is more difficult to estimate; however, it
has been found that for the velocity distributions v = f,—f,« and y > 0-15,
the separation point begins to move towards the leading edge as 7 is increased,
thus reversing the trend shown in figure 5 for y < 0-05. This forward movement
of the separation point is contrary to the expected physical action of the moving
surface and suggests that the Pohlhausen method becomes less accurate for
large values of y. ’

4.2. Variation of the thickness of the oil sheet with time

The variation of the oil thickness kb with time and position is determined by the
golution of equation (17). Only one solution of this equation has been found, and
this for the rather restricted case of the two-dimensional stagnation point. From
the form of the equation it can be seen that in two dimensions a steady oil state is
impossible, for in the steady state 0k/ot = 0, and this would imply that

o [ A
E_ifo uydz =0 or fo u,dz = const. (34)
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It would then follow that the amount of oil passing any point is constant, but
since at the leading edge u, is zero, no oil passes that point and the constant in
equation (34) is zero. Thus, by equation (17), it appears that

%m(%) B 1op

0z 3 ,ul i 0x
so that either h=0 or h=o(2u) [LoP (35)
=0 T2\ oz /,ul ox’

The non-zero form of 4 is infinite at the pressure minimum, and so there is no
steady form of % except 2 = 0. (This result is also true on infinite yawed wings,
since in this case the y-derivative of the integral of », over the thickness 4 is
Z€ero.)

In general, then, % is a variable function of time. No approximate method has
been found to determine %, and it would appear that the only method is the
direct numerical integration of equation (17). (Expansion in powers of ¢ was
found to be only slowly convergent, even for very small values of ¢.)

A numerical integration of equation (17) has been carried out for the oil thick-
ness under a two-dimensional boundary layer with an external velocity distribu-
tion of the form u, = f§,— f, . In this case equation (17) may be written

ok’ "
VAR AR
where £ = (8,/B,) %, & = (5,/v;)t b and f(£) is the non-dimensional skin friction
given by Howarth (1938). The boundary condition was &’ = 0-5, for all £, at
l=0.

The numerical integration of equation (36) is very long and laborious, and so
only coarse steps have been used to determine the trends of thesolution. In general
the oil leaves the leading edge very quickly and flows downstream. Over the
rear half of the region between the leading edge and the boundary-layer separa-
tion, the oil thickness is almost uniform, but increases steadily with time. The
indication from this rough calculation is that the actual amount of oil on the
surface appears to increase, suggesting that there may be an inflow of oil from
downstream of separation.

— 3BVl (36)

5. OQil streamline directions

In this section the oil-flow direction on a general surface is considered. From
the oil velocities given in equation (14), the oil streamline direction is
@ (avl/az)z ot (v1p1)! 3pj?jk{?Lh} (37)
dv — (Buy[62),-g+ (v, 1)1 (Op[0w) (k2 — B}

This direction varies between
(001/02),_g = (h[v11) 0P [0y
(0u,/02),_o — (h[vyp1) Op[Ox
at the wall, and (001/02) 0 — ([ 2v1 py) Op [0y

(0uy/02),—o — ({2, py) Op[ox

at the oil surface.
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The direction of the boundary-layer surtace streamlines in the absence of the

oil is
0z /o] \ 02/,

In general the pressure term is small compared with the skin-friction term, and
80 has only a small influence on the oil direction except near points of small skin

Y,

Wing leading edge
(30° sweep)

Streamline \\\
external to \\
boundary layer \
NN

\
\\\
\\\ _oa—Top of oil sheet

. \\\
b \>‘<—Boltom of oil sheet
O\
O N
\\

Main~stream

direction \ . Surface streamline
\<' with no oil

on surface

Ficure 6. Oil streamline pattern on a yawed wing.

friction—for example, near separation. In figure 6 the oil streamlines at the wing
surface and at the oil surface on an infinite swept wing are drawn. The chord-wise
velocity on this wing was assumed to be of the formt u, = £, — §, «; theskin friction
was then found from the power-series solution (Howarth 1938) and the cross-flow
by an approximate method (Squire 1956). The oil streamlines were considered

t The constants f, and 3, are related to the velocity of an R.A.E. 104 aerofoil; details
are given in Appendix 1.
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for a stage when the oil height varied linearly from zero at the leading edge to
twice its original height at the separation point (starting from an initial uniform
height of 0-001in.). (The oil thickness at other conditions, i.e. with a non-linear
variation along the surface, did not greatly affect the results as plotted.) It will
be seen in figure 6 that the two oil streamlines closely follow the surface streamline
with no oil on the surface, except that the oil streamlines become parallel to the
leading edge before the surface streamline.
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Fiacure 7. Percentage reduction in apparent separation distance for different
oil-sheet thicknesses and aerofoil chords with speed.

Eichelbrenner & Oudart (1955) have shown that on a general surface the
surface streamlines form an envelope at the separation line, and an envelope
of the oil streamlines is usually taken as indicating separation. On a yawed
infinite wing, the envelope is parallel to the leading edge. Thus, in figure 6, the
oil tends to indicate separation too early.

Changes in oil thicknesses, forward speeds, and velocity distributions do not
affect the shape of the curves but merely the relative position at which the
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curves become parallel to the leading edge; the actual positions are given by the

two points at which
(aul) h op
——F_9
0

oz VP 0T
ou, h op
and (3?)0_ 2vypy 0 0

With the mean of these two points taken as the separation point indicated by
the oil, the reduction in separation distance, as a percentage of the chord, for
various speeds and model sizes is plotted in figure 7.

These curves, which are independent of the oil viscosity, are useful as guides
to the thickness of oil which should be used. For example, with a velocity normal
to the leading edge of 600ft./sec and a chord of 6in., an oil height of less than
0-00051in. must be used to keep the separation line indicated by oil within 19
of the true separation line. For a chord of 24in. and the same velocity, the oil
thickness can be doubled while still giving results of the same accuracy.

6. Extension of the results to turbulent and compressible boundary
layers
6.1. Turbulent boundary layers

So far the analysis has been confined to laminar layers since the calculation of the
boundary layer in this case is relatively simple. In this section the flow under a
turbulent boundary layer is studied in a qualitative manner. Within the oil
layer the equations of motion, and the boundary conditions, are unaltered,
provided that the boundary condition defining equality of stress is written

He auz/az = (Ta:)h Ho 67"2/82 = (Ty)l: (38)

where (1), and (7,), are the z- and y-components of the mean skin friction (i.e.
mean with respect to time) in the turbulent boundary layer. With this form of
boundary condition the oil-velocity components become

Uy = ;Ll—z{g—g (?f; —hz) + (Tx)1z=, (39)
vy = /}1—2{2—5 (gg—hz) + (Ty)1z= , (40)

with corresponding forms for the streamlines.

To make use of these equations would involve the calculation of (7,); and
(7)1, and so far no method is available for such a calculation in the general case.
Even for the case of the infinite yawed wing, experimental results show that the
chordwise flow is not sufficiently independent of the cross-flow to be found by two-
dimensional methods. Thus, even in this simple case, two-dimensional values
may not strictly be used in equation (39) to determine the apparent separation
line. However, such results are probably adequate to indicate the order of the
distance between apparent and actual separation. For this purpose experimental
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results quoted by Goldstein (1938) for a cylinder and an aerofoil (t/c = 159;)
are used in equations (39) and (40). These experimental results give values of the
skin friction and the pressure distributions on a cylinder of 5-89in. diameter at
Reynolds numbers between 1x 105 and 2-5x 10%. Similar measurements are
given for the aerofoil at various incidences.

From the results quoted for the aerofoil (and the cylinder at the higher Rey-
nolds numbers), it is found, for oil thicknesses of 0-005 in. and less, that the change
in the separation point as indicated by the oil is of the same order as in laminar
flows. Since on the wing the flow is now attached over most of the surface, the
ratio of apparent attached flow to actual attached flow will be closer to unity for
turbulent boundary layers than for laminar flows.

The flow on the cylinder is initially laminar, but becomes turbulent before
separation. The skin friction on the cylinder increases with distance from the
stagnation point, reaches a maximum near the minimum pressure point, and
then decreases again. At transition the turbulence causes the skin friction to
increase again, before it finally becomes zero at the separation point. At the lower
Reynolds numbers the skin friction at transition is quite low, whereas the pressure
gradient is quite large, and substitution of the quoted values in equation (39)
shows that u, could be zero at the transition point for an oil thickness of about
0-005in. So, on a yawed cylinder, the oil streamlines could form an envelope at
the transition line. In the absence of any other information, this pattern could
be erroneously interpreted as a laminar separation followed possibly by a turbu-
lent reattachment.

6.2. Boundary layers in compressible flow

In §2 it has been shown that the velocity is very much smaller in the oil than in
the external flow; thus, even in cases where the external flow is supersonic,
the flow is still governed by the equations of slow viscous motion, and the solu-
tion is as in equation (14). It therefore seems probable that the oil pattern will
be similar to that discussed in §5 for incompressible lows. However, the flow
may now be complicated by the presence of shock waves. The pressure rise
through a shock may be sufficient to separate the boundary layer, and the infer-
ences made in § 5 about the oil motion in the region of separation will also apply
to such shock-induced separations. In §5 it was shown that near separation the
oil velocity becomes zero before the boundary-layer skin friction is zero, and
in this case also the oil may be expected to indicate an earlier separation. For a
linear adverse pressure gradient, it has been shown that the oil indication under-
estimates the distance to separation by, at most, 59%,. As the upstream influence
of the shock wave in the boundary layer is of the order of 100 boundary-layer
thicknesses, it would appear that the error in indicated separation will be of the
order of 5 boundary-layer thicknesses.

Another effect at higher speeds is that of aerodynamic heating, and heat
transfer. In general the heating will change the oil viscosity and so the ratio A
will become a variable depending on the state of the boundary layer. However,
provided this change in A is not too great, the main effect on the oil pattern will
be small since, as shown in § 5, the actual pattern is independent of oil viscosity.
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7. Application of the results obtained to the interpretation of wind-
tunnel oil-flow patterns

In this paper the motion of a thin oil sheet has been studied, as the first stage
in the understanding of the oil-flow patterns obtained in model testing. If the
oil actually moved as a sheet, the resultant oil pattern would supply only limited
indication of the oil motion: the only features to be seen would be separation,
where the oil would accumulate upstream, and regions of high skin friction, such
as under a vortex, where the surface would be cleared of oil. Generally in practice,
the oil, although applied as a sheet, moves in filaments, which provide more
detailed information on the direction of the oil motion. The motion of these
filaments depends on a different set of equations to those considered in this
paper. However, the mechanism of the motion is probably similar; that is, the
resultant force acting on the oil is a balance between the pressure gradient outside
the boundary layer and the stress due to the boundary-layer skin friction. Thus
it may reasonably be supposed that the description of the oil-film motion also
applies qualitatively to the motion of the filaments, and that the orders of magni-
tude of the changes in separation point are similar in both cases. Stalker (1955)
has studied the mechanism which results in the formation of the filaments, and
by order-of-magnitude considerations shows that these filaments do in fact
follow the surface streamlines except near separation.

8. Conclusions

A solution has been obtained for the motion of a thin oil sheet moving on a
surface under the influence of a boundary layer. The following deductions are
made from the analysis.

(@) The motion of the oil relative fo the boundary layer. The oil follows the
boundary-layer surface streamlines except near separation where it tends to
form an envelope upstream of the true separation envelope. This early indication
of separation is expected to occur for both compressible and incompressible flow;
it is less marked for turbulent than laminar layers. The distance by which
separation is apparently altered depends on the oil thickness, and the model size,
but it is independent of the oil viscosity (provided this viscosity is much greater
than the viscosity of the fluid of the boundary layer).

(b) The effect of the oil flow on the motion of the boundary layer. This effect is
very small in most practical cases but increases as the oil viscosity decreases.

(¢) Interpretation of the oil pattern at low Reynolds number. Results at low
Reynolds number should be treated with caution as transition could be errone-
ously interpreted as separation.

Appendix 1. Values of the constants By, B;, (§§4, 5) and the constant y
(equation (20))

In most of the boundary-layer problems in this paper, the velocity outside the
boundary layer has been assumed to have linear variation along the chord of the
form u, = B, — B, 2. The constants can be related to the velocity distributions on

12 Fluid Mech. 11



178 L. C. Squire

the upper surface of the R.A.E. aerofoil sections (Pankhurst & Squire 1950), if it is
assumed that the velocity varies linearly from the value at the maximum suction
point to the value at the trailing edge. For all sections with lift coefficients in the
range 0-2 < Oy, < 0-6 it has been found that 1-24, < 8, < 1-84,and

0-3u,/C < f; < 0-9u,/C.
All calculations have been carried out with the typical values, £, = 1-5u,,
By = 0-6u,/C.
The constant y (equation (20)) may be evaluated for the external flow

Uy = fo— f12. Using the skin friction f(£) quoted by Goldstein (1938), the oil
velocity at the oil surface (equation (15)) becomes

H 1
Ne-0% reyn- ap0 -0, (a1)
1
where £ = (B/Po) .
Then v, the ratio of the oil velocity to the mainstream velocity, becomes
_,\ﬂ}f(g)h_élhz 42
Y =A5 o - (42)
v} 1

This parameter has been used in the calculation of the effect of the oil on the
boundary-layer flow, and a maximum value of this parameter is required. It
is not possible to find the maximum by standard methods since the variation of
kh with £ (or x) is not known. However, with practical oil thicknesses and
B = 0-6u,/C, it is found that (h26,/v,) is at most 1. Also f(£) is O(1), except close
to the leading edge. Thus the maximum value of y is O(A). The maximum value
of A found in practice is 0-02 for paraffin in a wind tunnel; for the type of heavy oil
used in high-speed tunnels, A and hence y are O(10-%).

Appendix 2. The equality of viscous stress at the air/oil interface

Equation (6) states the conditions that the viscous stresses shall be equal
across the air/oil face. The condition given is strictly valid only for an oil surface
parallel to the body surface, i.e. z = const. However, this paper is concerned
with oil layers with thicknesses varying with position, that is, the oil surface is
given by 2z = f(z,y). The purpose of this Appendix is to show that equation (6) is
valid for such surfaces provided 0z/oz, 0z/dy are o(1/3).

The praof will be given for a surface z = f(2). At a point on this surface direction
cosines to the surface normal, in the plane ¥ = const., are l and =, and the velocity
along the surface in this plane is

ul —wn. (43)
The derivative of this velocity along the surface normal is
ou ou ow ow
2_ - ) —n2 =
Pt l"(ax az) G (44)

Thus the strict boundary condition at the interface is

ou ou, ow ow ou Oou, ow, ow
2 "1 it St ) TPV R | 2772 2 T2y 22
”l{l T2 T <6x az) " ax; {l +in (ax az) " ax;' (45)
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In the boundary layer ou,/0z is O(1/6), ou,/ox, ow, [0z are O(1) and dw,/ox are
O(8). Thus, provided n/lis 0(1/8), the dominant term on the left-hand side of equa-
tion (45) is p,120u,[0z. In the oil flow, dw,[0z, du,/ox are of the same order of
magnitude, by the continuity equation, and %, = u,, w, = w, at the oil surface.
Thus we might expect the terms on the right-hand side of equation (45) to have a
similar relationship to each other. In this case equation (45) reduces to equation
(6). The use of equation (6) in §2 gives a solution which confirms that the terms
in equation (45) can be dropped. Thus equation (6) holds for the surface z = f(x)
provided the ratio of n/l, or 0z/ox,is 0(1/8). A similar result holdsforz = f(z, y).

The analysis of this Appendix again breaks down in the vicinity of the separa-
tion point. However, the region affected is the same as that for the analysis of
§2 so that the region of validity is not reduced further.

REFERENCES

Brack, J. 1952 J. Roy. Aero. Soc. 56, 279.
EICHELBRENXNER, E. A. & OUDART, A. 1955 La Recherche Aeronautigue, 47, 11.

GoLpsTEIN, S. (Ed.) 1938 Modern Developments in Fluid Dynamics. Oxford University
Press.

GoOLDSTEIN, S. 1948 Quart. J. Mech. Appl. Math. 1, 43.

HowartH, L. 1938 Proc. Roy. Soc. A, 164, 547.

PANEHURST, R. C. & Squirk, H. B. 1950 Aero. Res. Counc., Lond., Curr. Pap. 80.
PraxprL, L. 1952. Essentials of Fluid Dynamics. London: Blackie.

Squirg, L. C. 1956 Ph.D. Thesis, University of Bristol.

STALKER, R. J. 19566 Awustralian A.R.L. Report A 96.

STANBROOEK, A. 1957 Aero. Res. Counc., Lond., Rep. & Mem. 3114.

WinTer, K. G., Scorr-WiLsoxw, J. B. & Davies, F. V. 1954 Aero. Res. Counc., Lond.,
Curr. Pap, 212.

12-2



